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The identijication of models from operating data for process controller design re- 
quires that the information from the process be extracted in pieces that are localized in 
both time and frequency. Such an extraction process would allow the separation of 
valuable signal information from the effects of nonstationary disturbances and noise. 
The wavelet transform provides an eficient approach for such a decomposition, which 
is organized in a multiscale, hierarchical fashion. By using the method of modulating 
functions in conjunction with the wavelet decomposition, it is demonstrated that recur- 
sive state-space models, which are multiscale in character and suitable for the design of 
model-predictive controllers, may be readily constructed with lower levels of modeling 
error than yielded by traditional techniques. The method is especially suitable for the 
identijication of time-vaiying and nonlinear models, where the nonlinear process is rep- 
resented by a set of linear models. The multiscale character of the wavelet basis makes 
it particular& suitable for multirate, multivariable processes. A series of examples illus- 
trates various aspects of the proposed approach and its inherent advantages. 

Introduction 
The modern view of controller design is based on the 

theoretically sound premise of the internal model principle 
(Bengtsson, 1977; Desoer and Wang, 19801, which requires 
that a controller should provide (a) an effective inversion of 
process dynamics, and (b) a direct generation of the external 
disturbance’s structure. Such a viewpoint has led to fairly suc- 
cessful industrial deployment of large-size multivariable 
model-predictiue control schemes (Cutler and Ramaker, 1980; 
Qin and Badgwell, 1997) and has underlined the fact that 
generation of the requisite process models and associated 
model uncertainty is the most important element of con- 
troller design. As a consequence, control-relevant process 
model generation has attracted significant attention and is 
currently one of the most active areas of research (Gaikwad 
and Rivera, 1Y95; Ling and Rivera, 1995; Braatz and Mijares, 
1995). 

The construction of a feedback controller presents the fol- 
lowing dilemrna: the stability, performance, and noise and 
disturbance rejection properties of a feedback loop are best 
understood in the frequency domain, yet time-varying and 
nonlinear effects render the frequency domain analysis in- 
valid over time scales where these effects become apprecia- 
ble. The objective of this work is to trade off the benefits of a 

frequency-domain analysis of the process behavior with the 
ability to detect time-varying and nonlinear effects, and to 
incorporate this information into the control scheme. 

The realization that the open-loop crossover frequency be- 
havior of the process is most critical in terms of closed-loop 
performance was recognized very early by Ziegler and Nichols 
(1942), whose famous tuning rules for PID controllers are 
based oaly on information at the open-loop crossover fre- 
quency. Astrom and Wittenmark (1989) provide an excellent 
example on the behavior of different processes under unity 
feedback. The results show that processes that have similar 
crossover frequency responses give similar closed-loop re- 
sponses regardless of their open-loop behavior, whereas 
processes that have different crossover frequency responses 
display very different behaviors under closed-loop control, 
regardless of similarities in the open-loop behavior. 

Recent work in the development of feedback controllers 
for LTI systems reconfirms the use of a frequency-domain 
approach (data prefiltering) to minimize closed-loop error in 
the presence of modeling errors and disturbances (Rivera, 
1991; Muske and Rawlings, 1993; Palavajjhala et al., 1996). 
For these more advanced schemes, knowledge over a fre- 
quency region rather than at a single point is required. This 
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can be more clearly understood by interpreting the purpose 
of the controller in a model-based framework (i.e., IMC); the 
controller is trying to increase the closed-loop bandwidth as 
much as possible in the face of physical and modeling con- 
straints. Since the open-loop behavior in the frequency do- 
main is initially unknown, the tasks of system identification 
and controller design form a process that is “inevitably itera- 
tive in nature” (Skelton, 1989). Therefore a system identifica- 
tion technique where rapid and nonredundant manipulation 
of the data in different frequency regions can be achieved 
would be of great merit when used in such an iterative frame- 
work. 

However, real processes are inherently time varying. The 
required system identification technique must therefore be 
able to discount or discard data as they become “old” (that 
is when they no longer reflect the process behavior), or over 
temporal regions corrupted by nonstationary noise and dis- 
turbances. Consequently, any process identification scheme 
should not only be able to extract information from 
input-output data at specific frequencies (or, frequency 
ranges), but it should also be capable of extracting that infor- 
mation from segments of records of input-output data that 
are localized in time. These two requirements imply that the 
desired methodology for system identification should be ca- 
pable of constructing accurate models using input-output in- 
formation that has been extracted from specific time and fre- 
quency regions. Traditional system identification techniques 
(least squares, Kalman filters) that utilize input-output infor- 
mation that is localized in time, cannot localize the content 
of the input-output data in specific frequency ranges. Simi- 
larly, frequency-based identification techniques, which can 
perfectly localize the content of input-output data on the 
frequency axis, cannot deconvolve the temporal interactions 
of data and thus are global in time (Ljung, 1987). Conse- 
quently, neither of these two classes of system identification 
techniques can handle satisfactorily the frequency and time- 
localized needs for controller design. In this article, we pro- 
pose a system identification approach that is able to con- 
struct models by extracting the requisite information from in- 
put-output data over selected regions of frequency and time. 
The proposed methodology is based on the theory of wavelet 
transform, which allows the decomposition of any square 
integrable function onto a set of basis functions, local in time 
and in frequency. 

At this point, the relationship between basis functions and 
system identification methods may not be clear. In the fol- 
lowing section this relationship is clarified by viewing the 
common system identification techniques as a series of projec- 
tion operations onto a set of basisfunctions, and the properties 
of the model constructed by such a technique are determined 
by the properties of the basis functions in the set. This obser- 
vation reduces the selection of a proper system identification 
technique to the proper selection of basis functions. The third 
section introduces the theory of wavelet decomposition, which 
provides a set of basis functions local in time and in fre- 
quency (Bakshi and Stephanopoulos, 1994; Rioul and Ver- 
letti, 1991). The fourth section shows how wavelets can be 
used for system identification by orthogonal matrix transfor- 
mation, while the fifth section compares the performance of 
the wavelet identification techniques with conventional meth- 
ods for linear time-invariant (LTI) and linear time-varying 
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(LTV) systems and systems corrupted with noise and distur- 
bances. The sixth section extends the methodology developed 
in the fourth section to nonlinear systems, and illustrates the 
approach using a nonisothermal exothermic CSTR. Finally, 
the use of wavelets for the identification of multirate (for 
which it is most suitable) and multivariable LTI systems is 
addressed in the seventh section. 

The Role of Basis Functions in System 
Identification 

Consider the standard identification problem of finding the 
parameters of an nth-order strictly causal ARMAX model 

y ( t )  + a , y ( t  - 1) + ... + a,y( t  - n )  

= b , u ( t  - 1)+ ... + b,u(t - m )  (1) 

using available data on the input and output variables, [ y ( t ) ,  
u ( t ) ]  t = 0, .. . , N ,  where N 2 m + n - 1. The objective is to 
select the model parameters so as to provide a process repre- 
sentation that can then be used for the design of an “effec- 
tive” feedback controller, that is, a controller that optimizes 
the performance of the feedback loop (for the given amount 
and quality of the input-output information). The set of rela- 
tionships resulting from Eq. 1, applied over ( N  + 1) time 
points, represents (usually) an overdetermined system of lin- 
ear equations, and some form of a least-squares solution will 
be required. If the data on y ( t )  and u ( t )  do not contain any 
extraneous noise or disturbances, then any identification 
method, for a given model structure, would yield essentially 
the same model. Therefore, any differences among the vari- 
ous system identification techniques depend on how these 
techniques handle the extraneous noise and disturbances 
contained in y(t) and/or u(t) .  

It is important to note that any extraneous noise or dis- 
turbance is characterized by its content in various frequen- 
cies and by the evolution of this content over time. For exam- 
ple, the measurement noise of y ( t )  may be characterized by 
high frequencies during the first segment of a data record 
and gradually shift to lower frequencies over time. An un- 
measured disturbance, with slowly varying low-frequency 
characteristics, may be affecting the values of y ( t ) .  In both 
cases, the process identification methodology should be capa- 
ble of extracting and rejecting the undesirable effects of the 
noise and disturbance, effects whose frequency content 
changes in both the frequency range and over time. Let us 
now develop the formalism that will allow us to present what 
any system identification technique attempts to do in han- 
dling the effects of extraneous noise and disturbances, and 
establish the framework in which we will describe the 
methodologies developed in this article. 

The linear equations derived from the ARMAX model of 
Eq. 1 can be put into the following matrix form 
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or, equivalently 

y - Ab = 0. (2b) 

This set of linear equations may be transformed into an 
equivalent set via an orthogonal transformation. Let P be an 
orthogonal operator, normalized to unity. Project Eqs. 2b onto 
the orthonormal basis, represented by the rows of P, and 
take 

P [ y  - A b ]  = 0. ( 3 )  

Representing the matrix, P, as a column vector of its or- 
thonormal set of rows, and the input-output data matrix, A ,  
as a row vector containing the input-output data, that is, 

LP; 1 
then the ith equation of the set of Eqs. 3 is given by: 

From Eq. 4a we can easily see that each transformed equa- 
tion is associated with a single eigenrow (eigenvector) of the 
orthonormal projection operator, P, and that the input-out- 
put information contained in this equation is determined 
solely by the properties of its associated eigenrow (eigenvec- 
tor). In other words, in Eq. 4a all the process data have been 
projected against a single eigenvector of the orthonormal 
transformation, and thus it contains only information in the 
subspace defined by the eigenvector p i .  

The relative effect of the information in the subspace 
spanned by the eigenvector pi upon the predictive accuracy 
of the modeling relationship (Eq. 4) can be adjusted through 
the value of a weight c?, that is, 
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or, equivalently for the set of Eq. 3, by the entries C,@ of the 
diagonal matrix, C, that is, 

C P [ y  - Ab]  = 0. ( 5 )  

The projection of a differential (or difference) equation 
against a general function (or finite dimension vector) as part 
of a parameter identification procedure, is referred to as the 
Method of Modulating Functions (Shinbrot, 1957). Some of the 
suggested modulating functions have been sinusoids (Pearson 
and Lee, 1985; Co and Ydstie, 1990) and cubic splines 
(Matelinsky, 1979; Preisig and Rippin, 1993a, b,c). Specific to 
the present work is the use of orthogonal functions with lo- 
calized time and frequency characteristics as modulating 
functions, for the purposes of identifying models for feed- 
back control. 

Once the appropriate projection operator, P, and the 
weighting matrix, C ,  have been selected, in order to achieve 
the desired separation and relative weighting of the informa- 
tion contained in the records of input-output data, which is 
relevant to process dynamics from the irrelevant ones, the 
least-squares solution to Eq. 5 yields the values of the un- 
known model parameters, that is, 

b = [ ATPTCPA]-' ATPTCPy. (6) 

At this point it is instructive to illustrate the preceding 
concepts using standard, well-known identification tech- 
niques in the frequency (spectral methods) and time (least- 
squares, Kalman filtering) domains. 

Case I :  Frequency-Domain Identification Techniques (Spec- 
tral Methods). Let the projection operator, P ,  in Eq. 3 be 
the complex exponential matrix, Z ,  whose rows are composed 
of the complex sinusoids of the discrete Fourier series. Then 

Z [ y  - Ab]  = 0 

and the elements e ( 2 T i x N + 1 ) ' ,  t = 0,1,2, .. ., N define the 
corresponding ith eigenvector (i.e., the equivalent of p i  in 
Eq. 4). The net result is that each of the original linear equa- 
tions has been projected against a single frequency. 

The frequency-localized structure of the transformed lin- 
ear equations allows the information at frequencies irrele- 
vant to the modeling task to be discounted or removed in a 
straightforward manner via the diagonal weighting matrix C. 
For instance, if C is chosen to be 

the result is identical to prefiltering the data with a filter, 
H(i 01, before performing a common least-squares parameter 
estimation. 

Case 2: Time-Domain System Identification (Common 
Least-Squares, h l m a n  Filtering). It is easy to see that, since 
the equations of the ARMAX model (see Eq. 2) are already 
localized in the time domain, the required orthogonal projec- 
tion operator is simply the identity matrix, that is, P = 1. Fur- 
thermore, as can be seen from Eq. 2a, when the row number 
of the equation increases, the difference between the tempo- 
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ral behavior represented by that equation and the present 
time decreases. Therefore, old information may be dis- 
counted by decreasing the weight of equations with low row 
numbers. If C is selected to be 

0 6 ~ ~  

08.- 

where 0 < A < 1, the resulting procedure is identical to 
Kalman filtering with exponential forgetting. 

1 
I 

Development of a system identification method for non-LTI 
processes 

The preceding examples show how a time-localized (or fre- 
quency-localized) basis resulted in a system identification 
method for developing time-localized (or frequency-local- 
ized) models. However, the “ideal” methodology for process 
identification should be capable of generating models that 
are based on the input-output information that is localized 
both in frequency and time. Such a system identification 
technique will be flexible enough to handle extraneous noise 
and disturbance effects contained in the input-output data 
that may contain information in various frequency ranges and 
may vary over time. These requirements suggest that the pro- 
jection operator, P, in Eq. 3, should be designed in such a 
way that its eigenrows (eigenvectors) form an orthonormal 
basis that achieves localization in time and in frequency of 
the contents of the input-output data records. This type of 
basis (although not orthonormal) was introduced by Gabor 
(1946) by modulating each sinusoid with a Gaussian of fixed 
size. The original Gabor transform has led to  a large number 
of sets of such basis functions, which are collectively known 
as a short-term Fourier transform (STFT). The STFT of the 
function f(t) is given by 

where g ( t )  is a Gaussian over a window of fixed length, and 
is a distinguishing feature of this family of basis sets. 

The STFT is traditionally used in signal processing for the 
analysis of nonstationary signals and has been applied to sys- 
tem identification techniques as the empirical transfer func- 
tion estimate (ETFE) (Ljung, 1987). Although the fixed win- 
dow allows resolution in both time and frequency, it is also 
responsible for the limitations of these methods. First, for a 
given window of fixed length, the resolution of frequencies 
whose periods are much longer than the length of the win- 
dow will be poor, whereas the finest temporal resolution pos- 
sible is limited to  the length of the window despite the fact 
that these events may occur over much shorter time scales. 
Second, it is not possible to form an orthogonal basis with a 
fixed window, which is necessary to obtain unbiased esti- 
mates of the parameters in the mathematical description of 
the process dynamics. 

The first point is most clearly understood in geometrical 
terms. In Figure l a  the sinusoid is modulated with a Gauss- 
ian window with standard deviation equal to 1/2 of the sinu- 
soid’s period. The resulting basis function still retains a sinu- 
soidal character while also having limited temporal extent, 
thus allowing good resolution in both time and frequency. 

1 ,  I 

0 8 ~ -  

06 .- 

04 ~- 

04 - -  

-0 8 -06 t V 
J I 

(a) Period of Sinusoid ’- Window Length 

1 -  * I  

O 6  t 

-08 t 
(c) Period of Sinusoid << Window Length 

Figure 1. Modulation of sinusoid with fixed (Gaussian) 
window. 

This is not the case when the same window is used in con- 
junction with a sinusoid of frequency that is 1/10 of that used 
in Figure la .  As shown in Figure lb, when the window length 
decreases below the period of the sinusoid, the resulting ba- 
sis function is deficient in any characteristics of this fre- 
quency. Thus, it becomes difficult to interpret the decompo- 
sition of the signal as the period of the sinusoid increases to 
lengths that are longer than the length of the window. A simi- 
lar problem occurs at frequencies that have a short period 
corresponding to the length of the window, as is shown in 
Figure l c  for a sinusoid with a frequency that is 10 times the 
frequency of that used in Figure la. Clearly, the resulting 
basis function retains the characteristics of this sinusoid. 
However, it is impossible to achieve temporal resolution of 
any short-term event whose temporal behavior is character- 
ized by periods smaller than the length of the window. Thus, 
any short-period (high-frequency) event (such as a disturb- 
ance) occurring within this window would lose its temporal 
characteristics contained in the length of the window, result- 
ing in the distortion of pertinent information. 
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These observations of the behavior of the STFI  clearly 
point out that the most appropriate window length cannot be 
selected independently of the frequency of the sinusoid. The 
window size must be varied as a function of frequency in or- 
der to obtain a consistent decomposition of trends over the 
entire time-frequency space. A linear scaling of the temporal 
length of the window to the period of the sinusoid or 

Twindow 

Tsinusoid 

-- - - k ,  

where 

k = O(1) 

is dimensionally consistent, and therefore guarantees geo- 
metric similarity of the basis functions. Assuming that the 
window length and sinusoidal period shown in Figure l a  are 
properly matched, the proper window sizes for the sinusoids 
of Figures 1b and c may be selected based on the scaling 
equation just shown. The new basis functions resulting from 
the variable window are shown in Figures 2a-2c. It is evident 
from Figure 2 (and easily verified algebraically) that the us- 

(a) Identical to Figure I(a) 

- 0 4  t 
-0 8 
-06 I 

- 3  - I 

(b) Compare to Figure I(b) 

(c) Compare with Figure I(c) 

Figure 2. Modulation of sinusoid with variable (Gaus- 
sian) window. 

age of a variable-length window to create the basis functions 
shown in Figures 2b and c is equivalent to a dilation (and, 
contraction) of the basis function in Figure 2a. 

The advent of wavelets has offered a natural framework 
for the specification of sets of basis functions that satisfy the 
preceding requirements. The dilations and translations of a 
single function constitute a complete set of localized basis 
functions capable of representing any square-integrable func- 
tion. Remarkably, it has also been shown that in addition to 
their good localization (in time and in frequency), some 
wavelets generate orthogonal basis sets (Mallat, 1989). The 
next section introduces the wavelet transform, placing em- 
phasis on the properties that are relevant for the decomposi- 
tion of process signals and subsequent system identification. 

Review of Wavelet Transform and Discussion of 
Relevance to System Identification 

Like some of its more familiar counterparts, such as the 
discrete Fourier transform, the wavelet transform is based on 
the principle that any square-integrable function may be rep- 
resented (up to a desired accuracy) as a linear combination 
of a specific subset of discretely sampled functions that are 
square integrable. This subset is referred to as a basis, and 
the functions that belong to this basis are referred to as basis 
functions. The advantage of representing a function in terms 
of one of these basis sets is that the desired information con- 
tained in a complex function can be detected, extracted, or 
manipulated more easily after decomposition onto one of 
these bases. For instance, if the function is an input to a lin- 
ear differential equation, the decomposition of this function 
onto a sinusoidal basis (the Fourier and Laplace transforms) 
is chosen because the sinusoids are the eigenfunctions of the 
differential operator (Strang, 1986). This property, in con- 
junction with linearity, allows the differential equation to be 
solved for each basis function (sinusoid) independently of the 
others, finally obtaining the complete solution by summing 
together the individual solutions for each basis function. 

The members of a wavelet-based basis are generated by 
dilating and translating a single function, ?(t), known as the 
mother wavelet, or simply wavelet. Any square-integrable 
function, ?( t ) ,  that satisfies the so-called admissibility condi- 
tion, 

d w  < x  

can be used as a wavelet (Daubechies, 1988). The admissibil- 
ity condition guarantees that the Fourier transform of the 
wavelet function resembles that of a band-pass filter. 

An arbitrary square-integrable function, designated by f(t>, 
may be represented as a linear combination of these dilations 
and translations of W t ) ,  that is, 

m m  

where 

1 
Tjk(t) = - *(2-'t -2'k). 6 
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The index, j ,  is the dilation parameter, also referred to as the 
level or scale, and the index, k, is the translation parameter. 

The effects of varying the parameters j (dilation) and k 
(translation) can best be understood in conjunction with the 
time-frequency plane, which is shown in Figure 3. Consider 
a wavelet at j = 1, k = 0. This wavelet’s energy in time and 
frequency is concentrated in the appropriate box. As k is 
changed, the wavelet is shifted in time, while energy in fre- 
quency remains unchanged (recall from Fourier theory that a 
time shift only affects the phase). In this manner the sub- 
space of the time-frequency plot corresponding to j = 1 can 
be completely spanned. Similarly, an increase in j by one 
results in a dilation of the function 1v, which doubles its ex- 
tent in time. The effect of the dilation parameter j on the 
Fourier transform of ? ( t )  can be derived from the 
time-frequency scaling relationship of Fourier transforms, 
that is, 

This as j increased by one, the center frequency and the 
bandwidth of the wavelet are cut in half. In the time- 
frequency plane this results in the dimension of the box being 
halved along the frequency dimension while being doubled in 
the time direction (the area of the box is independent of j or 
k, and is constrained by the uncertainty principle; see Strang 
(198611, as well as the center of the box being moved to half 
the frequency of the original box. Because the parameter j 
represents a range of frequencies rather than a single one, it 
is often referred to as a scale parameter instead of a fre- 
quency. Note that for discrete signals, the lowest scale (highest 
frequency range) is set by the sampling rate and we have ar- 
bitrarily set this scale to j =  0. A new subregion of the 
time-frequency plane is now spanned by holding j = 1 and 

again varying k.  The entire time-frequency plane can be 
spanned in this manner, which is a consequence of the com- 
pleteness of the wavelet basis. 

When using the wavelet transform, it is often convenient to 
work with all of the wavelets at a given scale j ,  as in the case 
where all signal information corresponding to a specific fre- 
quency bandwidth is required. These wavelets may be grouped 
together to form a subspace of the space of all square- 
integrable functions, referred to as ?. Since, by definition 

the entire set of subspaces ? span the space of all square- 
integrable discrete functions, that is, 

Similarly, it is also useful to be able to work with all of the 
wavelets that are at scales lower than a given scale j ,  as in 
the case where a low-frequency description of the signal is 
needed. These wavelets may be grouped into a subspace of 
12 ,  referred to as C;. An existing subspace 7 may be broken 
into a subspace of coarser description (higher scale) and the 
wavelet subspace that spans the removed portion of the origi- 
nal subspace, or 

7 = I.;+,fBw/. (7) 

The subspace 7 is spanned by the translations of the dilation 
of a single function, @ ( t ) ,  which is referred to as the scaling 
function, or 

time 

j = 3  

j = 2  

j = 1  

- 
The wavelets span this space in  a logarithmic fashion 

Figure 3. Spanning of time-frequency plane using wavelets. 
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where 

Equation 7 implies that, in terms of the subspace y, the sub- 
space V,+ ] is the complement of the subspace ”;, thus estab- 
lishing a relationship between the scaling function, (P( t ) ,  and 
the wavelet function, * ( t )  (Mallat, 1989). Furthermore, Eq. 7 
also implies that an arbitrary function, f(t), which belongs to 
12 ,  may be represented by 

I m m  

Equation 8 can be used to decompose process signals into 
smaller pieces that are localized in time and frequency in a 
highly structured manner, as is demonstrated graphically in 
the following example. Consider the wavelet expansion of a 
function f ( t )  as shown in Figure 4. The numerical values of 
the coefficients, djk,  have a clear physical interpretation, just 
as the Fourier coefficients do. A large value of the coefficient 
dlk indicates that the content of f(t> in the temporal region 
determined by k is rich in energy over the frequency range j. 
The function, At) contains low-frequency information across 

its entire time span, while high-frequency events are localized 
around the center of its domain. This is reflected in large 
values of the coefficients for the corresponding time- 
frequency regions, as is shown by the shaded areas in Figure 
4. 

The preceding description is relevant to the identification 
of process models from industrial data, because only certain 
portions of these signals, corresponding to specific time- 
frequency regions of I*, should be used when constructing 
models intended for feedback control from these records of 
data. A methodology for constructing models of this nature 
from a basis function description of the process signals is ex- 
plained in the next section. 

General Framework for Linear System 
Identification 

In order to implement the identification strategy suggested 
by Eq. 6, using wavelets to construct the projection operators, 
the wavelet basis must be represented in finite matrix form. 
Define the wavelet matrix W as 

rt 
/ 

Shaded boxes indicate significantly large values of the corresponding wavelet coefficient 

Figure 4. Wavelet representation of a function. 
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where each submatrix of W represents a single scaling level, 
and whose rows are the translates of a single wavelet (scaling 
function) at that level. The manner in which the selection of 
scale parameter determines the frequency range can be visu- 
alized on a Bode plot, as shown in Figure 5.  It should be 
noted that the wavelet subspaces partition the Bode plot into 
equal sections of the frequency axis. Since the trends of a 
linear system are invariant (except for translation) on a Bode 
plot, this equipartitioning on a logarithmic scale is most suit- 
able. 

Some of the translates of the wavelet at a given level will 
have a domain that lies on both sides of one of the two end- 
points of the data record. In this article, such “boundary ef- 
fects” are handled by omitting these “straddlers.” The num- 
ber of basis functions (and hence, number of linear equa- 
tions) at level j whose domains fall completely within the 
domain of the data record is given by 

~ -1 00 
v) m r 
Q -200 

2 4 No. of linear equations at level j = - - - + 1, 
2’ 2 

- 

- 

where z is the length of the data record (equivalent to the 
number of rows in the A matrix of Eq. 2 and I ,  is the length 
of the wavelet at level 1. This number is, of course, less than 
the number of degrees of freedom at each level, given by 
z/2‘, and therefore implies that some of the data are not used 
at each point. For this application, such a loss is not critical, 
since the length of the data record is increasing with every 

+--- 
t--- 

t 

t 

t 

t- 
t 

lo’ r 

1 o-2 L- 
1 o-2 

O r  

-300 L 
1 o-2 

w, w, w, w, W l  wn 

l o 1  
frequency 

l o 1  
frequency 

10.‘ 
frequency 

Figure 5. Approximate correspondence of bode plot to 
wavelet subspaces. 
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sampling instant. The impact of the boundary effects can be 
further mitigated, if necessary, by using shorter wavelets (at 
the cost of poorer frequency resolution) and by restricting 
the number of wavelet levels used. 

Determination of weighting matrix 

block-diagonal matrix 
The weighting matrix C (see Eq. 6) is considered to be a 

C=diag[C,,,,,C,, ... C , ] ,  

where each block is a diagonal matrix and contains the 
weighting functions for the wavelets at each scaling level. The 
selection of “optimal” values for the weighting constants re- 
quires knowledge of the open-loop crossover frequcncy and 
the rate at which the process response varies over the rele- 
vant frequency regime. This information resides in the 
input-output data set, and requires extraction. Therefore, se- 
lection of the weighting constants is generally an iterative 
process. The advantage specific to wavelets in this applica- 
tion is that the relationship between the magnitude of the 
coefficients and the objective to be achieved by adjustment of 
these coefficients is explicit, and provides direct control over 
the iterative model-building process. 

For example, the frequency region that contains the open- 
loop crossover frequency may be found by setting each of the 
submatrices in turn to the identity, while forcing all others to 
zero. Each resulting model is then evaluated as to whether it 
contains a phase shift of - 180”. The highest scale model that 
meets this criterion defines the open-loop crossover fre- 
quency. A model of order three or greater should be used to 
ensure that the model structure is sufficient to capture the 
crossover frequency. 

Similarly, nonstationary noise may be easily removed from 
the data without impacting the overall identification process, 
simply by setting the weighting coefficient, corresponding to 
the wavelet that is projected onto the noise, to zero. This 
technique is especially useful in removing “spikes” from the 
data, which may be deduced to be extraneous effects from 
process fundamentals. 

Finally, both frequency and temporal prediction accuracy 
of the model may be directly controlled by proper selection 
of the weights. For example, selecting a submatrix of the form 

C,=diag[ . . .A3h2h1] ;  O < h < l  

for each frequency level of interest will result in a model that 
may be regarded as a frequency-loculized, time-umying model 
with exponential forgetting. 

Calculation of bounds on modeling error 

modeling error, which is a function of frequency, that is, 
Doyle and Stein (1981) suggested that the unstructured 

should be bounded at each frequen!y. (G( w )  is the transfer 
function of the real process, while G( w )  is the transfer func- 
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tion of the assumed model.) The bounding function can be 
estimated from input-output data using the following rela- 
tions (LaMairc et al., 1987; Kosut, 1987): 

wherc G(o) is a nonparametric (ETFE) estimate of the 
transfer function. The first term on the righthand side of Eq. 
12 is given bq (Jenkins and Watts, 1968) 

where F2,( - , ( a )  is the (1 - a )  Fisher statistic form 2 and 
n - 2  degrees of freedom, u is the number of degrees associ- 
ated with the spectral window, and $~yy(w),&u(w) are the 
autospectra of v and u ,  respectively. The use of wavelets to 
clean the temporal input-output process signals from noise 
and unscheduled disturbances, provides more reliable esti- 
mates of the autospectra at various frequency ranges (see Ex- 
ample 2, below). 

Comparison of the Wavelet-Based Process 
Identification Method Against Standard 
Techniques Using LTI and LlV Processes 

The previous sections introduced the wavelet transform, 
emphasized its time-frequency localization characteristics, 
and indicated that wavelets could form a very attractive set of 
modulating functions for process identification. The exam- 
ples presented in this section have been selected to demon- 
strate how these properties can be used to develop reduced- 
order models tailored for use in a control framework by tak- 
ing into account, among other factors, such realities as noise, 
disturbances. and time-varying process characteristics. 

Example I :  Identification of Reduced-Order Models for LTI 
Systems Using the Wauelet Decomposition. Consider the com- 
mon system identification problem of identifying a reduced- 
order model from data. The actual underlying system has a 
transfer given by 

0 . 0 0 5 2 ~ ~  +0.1316z3 +0.3307z2 +0.1302z +0.005 
=10 ' -  

Z' - 4 . 7 2 ~ ~  +9.14z3 - 9 . 0 8 ~ ~  + 4 . 6 3 ~  +0.969 ' 

which has 4 zeros and 5 poles located at 

zeros: [ -22.7. -2.29, -0.431, -0.04351 

poles: [0.869+0.4751', 0.869--0.4751', 0.998+0.05i, 

0.998 - 0.05, 0.9901. 

This system has two pairs of lightly damped poles, which is 
evident from its Bode plot in Figure 6a. There is a pair in the 
region of  the crossover frequency, such that it is necessary 
that the dynamics of this pair is accurately modeled. The data 
are generated using a PRBS signal [ - 1,1] of length 4096. 
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The data are fitted to a reduced-order model with two zeros 
and three poles. 

Least-Squares Parameter Estimation. The reduced-order 
model corresponding to a least-squares fit is 

0 . 0 7 3 3 ~ ~  +0.212z +0.627 
g,,(z) = 10-5 

z 3  - 2 . 9 5 ~ ~  + 2.912 - 0.955 

with 

zeros: [-1.45+2.54i, -1.45-2.54il 

poles: L0.994 +O.O497i, 0.994 - 0.04971, 0.9631. 

Parameter Estimation Through Modulation with Wauelets. 
The parameters for the reduced-order model were estimated 
using the wavelets at the scale j = 6, which covers the fre- 
quency region that includes the open-loop crossover fre- 
quency. The reduced-order model is found to be 

0 . 2 4 3 ~ ~  -0.3252 +0.339 
g,(s) = 10-4 

z3  - 2 . 9 8 ~ ~  + 2.972 - 0.986 

with zeros and poles at the following locations: 

zeros: [0.669+0.975i, 0.669-0.975i] 

poles: [0.998 + O.O499i, 0.998 - 0.0499i, 0.9881. 

Least-Squares Parameter Estimation with Band-Pass Filtering 
of Data. For comparison, parameter estimation was done by 
first filtering the data with a fourth-order Buttenvorth filter 
with band-pass in the frequency range [0.01, 0.11 Hz, before 
performing a least-squares estimation. The reduced-order 
model for this case is 

-0 .160z2+0.323~ -0.139 
3 

g b r ( S )  = lo- z3  - 2 . 9 7 5 ~ ~  +2.952 -0.977 

whose zeros and poles are at the following locations: 

zeros: [1.40,0.618] 

poles: [0.998+0.0498i, 0.998-0.0478i, 0.9791. 

To compare the results of the three methods, let us examine 
the Bode plots of the resulting dynamic systems shown in 
Figure 6a. Note that the least-squares model attempts to pro- 
vide a balanced estimation over the whole frequency range. 
This is not an optimal model, since accurate modeling is not 
required at frequencies higher than the desired closed-loop 
bandwidth. This can be rectified by using wavelets as modu- 
lating functions. The band-pass nature of the wavelets miti- 
gates the effects of irrelevant low and high frequencies. For 
this process, the open-loop bandwidth of the process corre- 
sponds to the wavelets at scale level j = 6. The wavelet model 
thus gives a much better fit of the process at the relevant 
frequencies as compared to least squares, which can be seen 
from the lower bounds on the additive modeling error, as 
shown in Figure 6b. It can be seen that the error bounds near 
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Figure 6a. Reduced-order models of LTI process (Ex- 
ample 1). 

the crossover frequency are approximately an order of magni- 
tude greater for the least-squares estimate than for the 
wavelet estimate, which implies that the robust control loop 
designed using the wavelet model will have a higher closed- 
loop bandwidth than that of a robust controller designed us- 
ing the least-squares model. Not surprisingly, the band-pass 
filter performs similarly to the wavelet transform. However, 
due to the fact that it cannot provide simultaneous localiza- 
tion in both time and frequency domains, it is not expected to 
fare as well in the identification of systems with time-varying 
or nonlinear characteristics (see Example 3, below). 

Example 2: Efsects of Low-Frequency Disturbances and 
High-Frequency Noise on Model Identification. The presence 
of noise and disturbances in the operating data can lead to 
poor models for control if the data are not properly treated. 
The wavelet transform is an excellent framework for per- 
forming reduced-order model identification under these con- 
ditions. Consider the process from Example 1 corrupted by a 
low-frequency ramp disturbance and Gaussian white noise, 
or 
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where 

t 
N 

d ( t ) = - - ,  t = l ,  ... , N 

and 

The process data are corrupted by a low-frequency disturb- 
ance and have a low signal-to-noise ratio (SNR) at high fre- 
quencies due to noise. Therefore, these frequencies contain 
little information about process behavior and should not be 
used for model identification. This is easily accomplished us- 
ing wavelets as modulating functions in the same way as in 
Example 1 and by omitting the contribution of the wavelets 
at the scale where the noise is concentrated. Regarding the 
separation of the disturbance effects, it is important to note 
that the crossover frequency is at a different frequency re- 
gion from that where the disturbance contains significant lev- 
els of energy and the gain from input to output is still high 
with respect to the magnitude of the disturbance. (Clearly, 
theoretical restrictions make it impossible to separate out the 
effects of the disturbance, if the frequency region of the dis- 
turbance's main power coincides with the region containing 
the crossover frequency, whatever filtering approach one were 
to use.) The third-order model identified by the wavelet 
transform at the scale corresponding to the crossover fre- 
quency is given by 

1.278z2-2.754z + 1.737 

z3  -2.9752' +2 .953~  -0.978 ' 
gJs) = 

and at the region of the crossover frequency provides a more 
accurate depiction of process dynamics than the third-order 
model generated from the corresponding least-squares ap- 
proach and that is given by 

- 0 . 8 9 3 5 ~ ~  + 3.6032 - 0.1653 
2' - 2 . 9 8 5 ~ ~  +2 .972~  -0.9874 

g,,(s) = l o r s  
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Figure 7. Reduced-order models of LTI process with noise and disturbances (Example 2). 

The Bode plots for the models identified by least-squares and 
wavelet-based modulations of the input and output data are 
shown in Figure 7a, while the corresponding modeling errors 
are depicted in Figure 7b. 

Example 3: Identification of Reduced-Order Models for LTV 
Systems Using the Wavelet Decomposition. Example 1 is ex- 
tended to the more general case where the actual process is 
of unknown order and changes with time. Initially, there is a 
pair of lightly damped poles in the region of the crossover 
frequency. As time progresses, these poles become more 
heavily damped until the end of the time record, at which 
point the poles are critically damped. The location of these 
poles is in the region of the crossover frequency. It is there- 
fore important that these poles be accurately tracked as they 
change with time, in order to maintain a stable feedback loop 
with good performance characteristics. The initial process is 
given by 

0 . 1 2 8 4 ~ ~  +2.712z3 +6.094z2 +2.422z +0.1026 
= 10-3 

~ ' - 2 . 4 2 7 ~ ~ + 2 . 7 9 8 ~ ~ + 2 . 6 3 7 ~ ~ + 1 . 9 9 3 ~  -0.7154' 

and the Bode plots of the process at the beginning and the 
end of the data record are shown in Figure 8a. The data 
record was generated using a PRBS signal of length 4096 as 
the input. Various techniques were used to fit the data to a 
reduced-order model with three poles and two zeros. Figure 
8b displays the additive error between the actual process and 
the models, identified by the various techniques at the 
process crossover frequency as a function of time. 

Not surprisingly, the least-squares method gives the least 
accurate result, as the method incorporates all the data in- 
cluding that which is outdated and at irrelevant frequencies. 
The Kalman filter with an exponential forgetting factor A =  
0.97 gives similar results to the least-squares because too 
much modeling effort is spent on the high-frequency under- 
damped pair of poles. Prefiltering the data with a fourth-order 
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Butterworth filter with band-pass [0.01, 0.11 provides for no 
time localization and thus gives an average of the frequency 
response of the process in the band-pass region. As the 
process moves from lightly damped to critically damped, it 
passes through this average, which explains the minimum en- 
countered in the additive error plot. The wavelet identifica- 
tion technique using the ten most recent wavelets as modu- 
lating functions is able to capture the process behavior with 
an error that is approximately an order of magnitude, or more, 
lower than the other techniques. 

It should be noted that a numerically equivalent solution 
can be generated through an appropriate combination of a 
least-squares regressor with properly selected noise filters and 
forgetting factors. However, the wavelet-based approach pro- 
vides a unifying framework for the specification of such a 
"cocktail," which otherwise would have remained an ad hoc 
procedure. 

Modeling of Nonlinear Processes Using the 
Wavelet Transform 

For many industrial problems, linear modeling techniques 
are insufficient because the process displays significant non- 
linear behavior over the desired operating region. These 
problems have been the impetus for a rich variety of tools 
and techniques that could be considered to fall under the 
loose title of nonlinear identification and control. Two of the 
more important of these techniques are the following. 

Gain scheduling 
Feedback linearization and its adaptations for robust 

control. 
These techniques require a nonlinear model of the pro- 

cess. Nonetheless, a nonlinear model can be represented as a 
set of linear models, each corresponding to a different oper- 
ating region (Banerjee and Pearson, 1995). 

In this section we introduce a system identification tech- 
nique based on the wavelet transform that is capable of mod- 
eling nonlinear systems yet accomplishes this goal while 
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Figure 8a. Comparison of models constructed for the 
control of an LTV process. 

maintaining a reasonable trade-off between model structure 
complexity/size and effectiveness. The underlying concept 
arises from the practical application of linear system theory 
to real processes. Since these processes are in general nonlin- 
ear, the linear system theory is invalid. However, if the proc- 
ess does not show significant nonlinearities over the desired 
range of operation, a linear feedback controller may prove to 
be quite adequate. 

This idea can be derived from taking a Taylor series of a 
nonlinear, continuous system and noting that the system will 
behave linearly in some finite neighborhood surrounding the 
point of linearization. If this neighborhood contains the de- 
sired operating region, a linear model should be suitable for 
feedback control, as stated earlier. If it does not, the desired 
operating region is divided into a sufficient number of subre- 
gions such that the process behavior is approximately linear 
in each one of them. 

The wavelet provides an excellent basis for a modeling task 
of this nature, because of its orthogonality and time- 
frequency localization properties. The key to identifying non- 
linear systems is noting that the state level (which may be 
used as the point of linearization for the process model) is 
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correlated with time. For example, as pointed out in the fourth 
section, the wavelet coefficient d,k contains information about 
the signal at a frequency region determined by j ,  and a tem- 
poral extent specified by k .  During this time period, the range 
of the function is bounded as shown in Figure 9. The wavelet 
coefficient djk  contains information about the process re- 
sponse that is specific to (1) the particular operating region, 
and (2) the main frequency range(s) contained in the signal. 
A linear model that reflects the process behavior only over a 
limited operating region and bandwidth relevant to feedback 
control can then be constructed by selecting values of j and 
k ,  which correspond to an output level in both the operating 
region and bandwidth, respectively. 

Modeling scheme for nonlinear processes 
This procedure is based on the aforementioned concept 

that a continuous nonlinear process may be adequately mod- 
eled as linear over a particular operating region. In this sec- 
tion, the procedure of deciding whether a process is behaving 
in a linear fashion over a given finite operating region is for- 

Figure 9. Decomposition of the process signal into seg- 
ments localized in frequency and state level 
using the wavelet transform. 
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malized, and methods for dividing up a given operating re- 
gion into subregions, over which the process behaves in a 
more linear fashion are suggested. 

It is necessary to develop a criterion to assess whether the 
process is behaving in a nonlinear fashion over a given oper- 
ating region from input-output data. Given a set of 
input-output data, it is postulated that the process can be 
adequately represented as being linear over the operating re- 
gion of the data. Fitting these data to a linear model is not 
sufficient to test for nonlinearities because the model predic- 
tion error is a result of not only nonlinearities, but also of 
reduced-order modeling, disturbances, and noise. The differ- 
entiating characteristic of errors due to nonlinearities from 
the others is that the nonlinear effects are correlated with 
state level. This property can be exploited to detect and model 
nonlinear effects from the input-output data alone. Note 
that, as in the linear case, the model order must first be esti- 
mated using a technique such as cross-validation (Stone, 1974; 
Snee, 1977). 

Due to its independence with respect to state level, all esti- 
mates of a linear process will converge to the same model, 
regardless of how the data are subdivided. This is not true 
for nonlinear systems. Thus, the hypothesis that the system is 
behaving linearly over the range of input-output data may be 
tested by splitting the data record with respect to output level 
and by comparing the average prediction error of the new 
models to that of the original. For models constructed through 
modulation with wavelet functions, the average model predic- 
tion error (which is calculated over the modeling region of 
interest) is simply the average of the minimum filtered error 
from the prediction of the modeling parameters. 

The error bound for each of these linear models is com- 
pared with the error bound for a single linear model. If the 
process behaves linearly, there will be no statistically signifi- 
cant difference between any of these estimates (the size of 
the error bounds is then a function of noise and disturb- 
ances); a decrease in the error bounds of the two linear mod- 
els with respect to the error using one model implies that the 
system is behaving nonlinearly over the operating region. For 
the latter case, the two linear models are accepted as a better 
model of the process than the original single linear model, 
which is discarded. 

The algorithm is then repeated in each of the subregions 
until one of the following conditions is reached: 

1) The error rate remains constant as the number of mod- 
els is increased (this error rate reflects the amount of noise 
and disturbance in the signal). 

2 )  There is insufficient data for further iterations. 
The preceding operation requires a method for dividing a 

data region into two subregions. As this split is arbitrary, it 
can be done in several ways, as discussed in the following 
paragraphs. 

Mathematically rigorous approach 
The mathematically rigorous method is based on minimiz- 

ing the prediction error over the operating region given two 
linear models with undetermined coefficients, that is 
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This formulation may result in a nonlinear optimization with 
local minima depending on the inherent process nonlineari- 
ties. It may be more practical to use other “suboptimal” 
schemes such as the following: 

1) Split the operation regime in half; the major advantage 
of this method is its simplicity. 

2 )  Split the operating regions into two subregions that have 
the same number of data points; this approach is also simple 
and maintains data sufficiency. 

3) Make the split using a priori knowledge from either 
fundamental principles or previous operating experience. 

The first of these three practical approaches is used in this 
article for the illustrative examples. 

Example 4: Modeling of a Nonlinear Exothermic CSTR Using 
the Wavelet Transfom. A first-order irreversible reaction in 
a constant-volume, nonadiabatic CSTR can be described by 
the following dimensionless nonlinear equations (Hoo and 
Kantor, 1985): 

- -x ,+BDa( l -x , )exp  
h 2  _ -  

I +  - dr 

where 

with the corresponding dimensionless variables given by 

The term x ,  is the dimensionless temperature of the cooling 
jacket and is the manipulated variable. 

The control input is the cooling water temperature, and 
the measured output is the outlet concentration of reactant. 
It consists of a low-frequency “pulse” that is of sufficient 
magnitude to excite the nonlinear dynamics of the system plus 
a PRBS signal of magnitude 50.05 to ensure persistent exci- 
tation. The output data are correlated to the input data with 
second-order ARMAX model at scale level j = 5, which has 
a filtered prediction error of 1.17X 

The wavelet coefficients at j = 5  are then split into two 
groups with respect to the average operating level, which is 
depicted in Figure 10. Note that disjoint regions of data may 
be combined to construct a single linear model, as is the case 
with the first model in this set, indicated as Model-1 on Fig- 
ure 10. The resulting linear models have error bounds which 
are 1.06 X for the upper and lower op- and 0.957 X 
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Figure 10. Construction of linear model set using the 
wavelet transform to represent a nonlinear 
process. 

erating region, respectively, which shows some improvement 
over the original single model. For comparison, the Bode plots 
for all three models are shown in Figure l l a ,  along with the 
maximum and minimum frequency response for all linear ap- 
proximations of Eqs. 13 and 14 over the operating region, 
x ,  E [0.057, 0.1011. The residual errors, displayed in Figure 
11b clearly demonstrate that for this case, “two models are 
better than one.” This procedure may be repeated on either 
of the two models if, for performance reasons, a lower resid- 
ual error is required, provided that there is a sufficient exci- 
tation in the data subrecord that is to be further subdivided. 

Example 5: Modeling the Dynamics of an Industrial Distilla- 
tion Column. Consider the distillation column shown in Fig- 
ure 12. The feed to the column is a wild stream consisting of 
essentially methane, ethylene, and propylene, and it is de- 
sired to separate the methane from the heavier components. 
The methane can be drawn off as a gas or dissolved in a 
condensed phase from the condenser (the intermediate pres- 
sure methane stream). The temperature at an intermediate 
plate is maintained by manipulating the stream rate to the 
reboiler, and the pressure at the top of the column is main- 
tained by manipulating the off-gas flow rate. 

It is desired to keep the ethylene in the methane vapor 
stream (the slip) below a specified level, as well as to control 
the level of the accumulator tank. The available manipulated 
variables are the reflux flow rate and the speed of the com- 
pressor used in the refrigeration-based condenser. Although 
this is a multivariable system, for the purposes of this illustra- 
tion we will concern ourselves with the control of the eth- 
ylene in the slip by changing the reflux flow rate. For more 
detailed studies on the multivariable system, see Carrier 
(1995). 

Due to its compact extent in time, the Haar family of 
wavelet/scaling functions (Strang, 1989) has been selected for 
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Figure 11. Effect of model set size on approximation of 
a nonlinear process. 

use as the modulating function. A large number of real-time 
operating data were available, spanning the operation of the 
column over a period of six months, but most of the planned 
experiments were corrupted by the influence of unpredicted 
external disturbances. Consequently, the first task was to an- 
alyze all the available records of data and identify those seg- 
ments, which yielded “clean” input-output data for parame- 
ter identification. The wavelet decomposition of the 
input-output data led to the identification of several records 
where there is a step in reflux while the compressor speed 
(disturbance) remains constant. This provided an excellent 
opportunity to assess the effect of reflux on the percentage of 
ethylene in the slip independently of compressor speed. The 
five records corresponding to these conditions are shown in 
Figure 13. Note that each of these records corresponds to a 
different operating region based on output level, which we 
shall maintain as separate entities based on the expectation 
that the process behaves in a nonlinear manner over this op- 
erating region. 
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Thus, in light of the previous physical insights, we immedi- 
ately look for varying performance with respect to output 
level. At level j = 1, 35 wavelet and scaling function coeffi- 
cients can be calculated, and this number falls by a factor of 
2 for each increase in scaling level. Thus, for instance, at level 
4 a fourth-order linear model can be constructed (although a 
greater number of wavelet coefficients than unknown param- 
eters is required if noise is present). For the data correspond- 
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Figure 14. First-order-models constructed from the 
wavelet-decomposed input output data for 
the column of Example 5. 

ing to the selected sets, the scaling functions at level j = 2 
were identified as being the most appropriate set of basis 
functions for the identification. The selection of model order 
was then determined using standard techniques (Ljung, 1987); 
it was found that a second-order ARMAX model was suit- 
able in all cases. The step responses for each of these models 
is displayed in Figure 14. As expected, the process gain is 
negative and decreases with respect to increasing output level. 
It is also evident from Figure 14 that the dominant time con- 
stant of the process increases with increasing output level. 

Similar studies were carried out for the transfer functions 
between ethylene slip and compressor speed, as well as the 
transfer functions between accumulator level (output) and the 
two inputs (reflux, compressor speed). The details of these 
studies, which do not add any new aspects for the purposes 
of this article and thus were omitted, can be found in Carrier 
(1995). 

Identification of Multivariable Systems 
The preceding wavelet identification technique for SISO 

systems using the modulating functions method can be ex- 
tended to MIMO system identification, as was done in Co 
and Ydstie (1990). As is typical with MIMO systems, there 
are added complexities in comparison with the SISO system, 
such as minimal representation, multiple time scales of inter- 
est, and multirate sampling. However, stability and robust- 
ness of a MIMO feedback loop is still dependent on the fre- 
quency response of the system, which is the basis for such 
stability and robustness analysis techniques as the MIMO 
Nyquist criterion, principle gains (Maciejowski, 1989), and 
p-analysis (Doyle, 1982). Therefore, analogous to SISO iden- 
tification for control, frequency localization is an imperative, 
as is time localization. The wavelet transform plays the same 
critical role in the identification of MIMO systems for feed- 
back control as in the SISO case. 

Before a modulation function method for multivariable 
systems using the wavelet transform is derived, the topics of 
multirate sampling and minimal realization must be ad- 
dressed. 
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Multirate processes 
The construction of models from data sampled at different 

rates is an important industrial problem, and is receiving con- 
siderable attention in the process-control literature (Gopinath 
and Bequette, 1991; Ohshima and Hashimoto, 1992). The 
topic of multirate processes naturally arises in the multivari- 
able context, because different outputs often respond over 
different time scales. These time scales determine the recom- 
mended sampling rates. It may also be neither possible nor 
desirable for the individual sensors to sample at identical rates 
because this may lead to oversampling on outputs that oper- 
ate over larger time scales. This oversampling increases com- 
putational load and, can push the zeros of the system outside 
of the unit circle (Astrom and Wittenmark, 1984). Thus, it is 
desirable to devise a method that can accept multirate 
input-output data and transform them into a consistent set 
of information in a form proper for control-relevant identifi- 
cation. Due to  its hierarchical structure of increasing time 
scales (and the corresponding frequency interpretation), the 
wavelet transform provides an elegant solution to the multi- 
rate sampling problem. 

The sampling rate of a signal determines the points at which 
the wavelets and scaling functions are defined. Signals that 
are sampled at different rates belong to different discrete 
functional spaces. Thus, the basis set to be projected against 
both the input and output, as shown in Eq. 10a, is not uniquely 
defined. This drawback can be remedied by selecting a single 
wavelet-based functional space, which is large enough to con- 
tain both the input and the output. Consider a SISO system 
where the input u is sampled at a rate t ,  and the output rate 
is sampled at a rate t,. Let 

10 +-+ 0 1  . . . . . . . . . . . . . .  * .  

I 

l i m e  

Figure 15. Generation of the binary tree of nodes for the 
consistent merging of input-output informa- 
tion in rnultirate systems. 

The coefficient\ uIh can be found by minimiring the w m  of 
the prediction errors at the sampling points 

which leads to the following set of linear cquations 

which can be represented in matrix form as 

y =  Ax 
- -  

where gcd is the greatest common denominator. In this way, 
the sampled points of both the input and output exist only at 
multiple values of t , .  

Let V, be the space spanned by the translations of the 
scaling function @,(t>, that is, 

Any signal sampled at a rate that is an integer multiple of 
t ,  may then be projected into a subspace of y,. This process 
is represented graphically in Figure 15. This projection is 
uniquely defined for all scales greater than or equal to j,,,,, 
where 

where t ,  is the sampling period of the signal. The approxima- 
tion of the signal that is contained in the space 5, j 2 j,,, 
can be constructed as follows. The resolution of a signal y ( t >  
at scale j can then be written as 
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A 
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n X l S f S  , 

I 

The finite temporal extent of the wavelets gives A a banded 
structure; A iq also symmetric, because the scaling function. 
@(t) ,  is symmetric. For the special care where 

the off diagonal terms for an orthogonal wavelet basis are 
equal to zero, or 

In this case, A is reduced to a diagonal matrix. 
It is now straightforward to estimate the parameters of a 

linear model using the methodology presented in the fourth 
section, with the stipulation that any wavelets or scaling func- 
tions selected as modulating functions must belong to scales 
that are greater than or equal to the minimum scales for both 
the input and output, as defined by Eq. 15. 

Aliasing and the selection of sampling rate 
Although the preceding method is suitable for any sct of 

sampling rates, it is necessary that the signals are sampled at 
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a sufficiently high rate that extends over the frequency band- 
width o f  thc signal. Consider a signal sampled at evenly spaced 
intervals of t,,. This signal lies in the subspace Vo, whereas 
the actual underlying continuous signal may contain elements 
in the wavelet subspaces W,, W -  ,, W - ? ,  ..., and so on. The 
projection o f  the sampled data onto the subspace V, causes 
these clemcnts at higher resolutions to be misidentified as 
belonging to subspaces of lower resolution, thus resulting in 
aliasing. Since thc scaling function acts as a low-pass filter, it 
is necessary to sample at a rate that is at least twice the 
bandwidth of the scaling function to prevent aliasing, or to 
prefilter the underlying signal with a proper aliasing filter be- 
fore sampling (Oppenheim and Schafer, 1989). 

Example ti: Estimation of Transfer Function from Multirate 
Data. Consider the system whose dynamics are shown in 
Figure 16. The input is sampled at a rate of 3 s, and the 
output is sampled at a rate of 5 s. The gcd of {3,5} = 1, which 
defines the distance between samples of the scaling function 

at level j = 0 to be - s. The supremum of log,(3) and log,(5) 
is 2 and 3, respectively. Therefore, the input and output are 
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Figure 16. Bode plots of the underlying dynamics for 
the system of Example 6. 
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each approximated by scaling functions at level 3. After the 
scaling coefficients at level 3 are determined, the signals are 
reconstructed at time intervals of 1 s, where the scaling func- 
tions are used for interpolation. These signals are then used 
in conjunction with the methodology discussed in the fourth 
section to construct a transfer function model with 2 zeros 
and 3 poles at level j = 6, which corresponds to the crossover 
frequency. The amplitude plot of the generated reduced- 
order model is also shown in Figure 16. 

Wavelet-modulated parameter estimation for MIMO 
systems 

Once a state-space or transfer-function matrix structure has 
been specified, the evaluation of the model parameters for a 
MIMO system is a simple extension of the SISO case. The 
major difficulty inherent in MIMO system identification is 
that achieving a realization that is minimal (or equivalently, 
identifying pole-zero cancellation) is not a trivial exercise. The 
added degrees of freedom result in a poorer fit as well as an 
increased computational burden for the same amount of data. 

In this section, we review the standard methods that have 
been developed for the identification of linear multivariable 
systems from input-output data. All of these methods repre- 
sent the MIMO system as a set of finite difference equations 
that can be used to  estimate the model parameters by the 
pseudoinverse. It is then straightforward to apply the method 
of modulating functions to this set of linear equations. 

Finally, it is shown that the method that results in a mini- 
mal representation (and hence the smallest number of pa- 
rameters for the same input-output representation) is based 
on the assumption that all data are sampled at the same rate. 
Accordingly, it is necessary to use a nonminimal realization 
for systems with multisampling/multiple time scales, which 
decouples the identification output-by-output. 

The emphasis of the paper by Gautier and Landau (1978) 
was to develop a MIMO system identification technique that 
would be an extension of SISO techniques. A linear multi- 
variable system may be represented in the form 

which is known as the matrix fraction decomposition (MFD; 
Kailath, 1980). D ( z )  is a polynomial r X r matrix and N ( z )  is 
a r x q polynomial matrix, where q is the number of inputs, 
and r is the number of outputs. The MFD is related to the 
transfer-function representation via 

where 

Note that the matrices D ( z )  and N ( z )  are not unique; for 
example, an equivalent set is 

where X ( z )  is any invertible matrix. 
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The particular representation of a multivariable linear sys- 
tem, as given in Eq. 16, is relevant for identification in that it 
is equivalent to a set of finite difference equations, which can 
be used to estimate the model parameters in an analogous 
manner to SISO systems. 

Several different methods based on Eq. 16 have been sug- 
gested. Each of these methods differs in the form that the 
matrix D ( z )  is allowed to take. Typical cases are: 

Method 1. 

This method forces each individual transfer-function element 
to have the same denominator. This leads to identical roots 
in the numerator and denominator, which implies that this is 
a nonminimal realization. 

D ( z )  is diagonal. The diagonal structure of 
D ( z )  decouples the identification problem into r subprob- 
lems, where r is the number of outputs. Therefore, each row 
i of transfer functions in H ( z )  is determined based upon 
measurements of y,  only. This representation is still nonmini- 
mal, because every row in H ( z )  is forced to  have the same 
denominator, while having less pole-zero cancellations than 
Method 1. 

The set [ D( z)  N( z)] forms an irreducible pair. 
The realization [N(z), D(z)] of the system is irreducible if, 
and only if, Eq. 16 is satisfied for unimodular X ( z ) .  Proofs 
and algorithms for calculating irreducible N(z)  and D ( i )  are 
given in Kailath (1980). For our purposes, it is sufficient to 
realize that an irreducible pair ( N ( z ) ,  D ( i ) )  is a minimal re- 
alization and that procedures for finding such minimal real- 
izations exist. D ( s )  and N ( s )  are polynomial matrices that 
satisfy the following conditions (Guidorzi, 1973): 

Method 2. 

Method 3. 

Typically, D(z)  is a full matrix. The off-diagonal elements 
capture internal couplings between the outputs. This 
methodology has been developed for both standard (Guidorzi, 
1975) and recursive (Gauthier and Landau, 1978) algorithms 
for the case where all inputs and outputs are sampled at a 
single rate. 

In algebraic form, the linear difference equations that rep- 
resent the dynamics of a MIMO system are 

for t =  1, ..., T ;  i =  1, ..., r .  (17) 

For Method 1 and Method 2, the off-diagonal terms of D ( z ) ,  
represented by d i i k ,  i # j ,  are equal to zero. 
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Analogous to Eq. 5 ,  the wavelet identification method may 
be applied by projecting both sides of Eq. 17 against the 
weighted modulating functions cAflqp(r). p = 1, . . . , L ,  or 

where the desired modulating functions (i.e., wavelets) are 
selected with respect to the modeling region of interest in an 
analogous manner to the SISO case. 

It follows from Eq. 18 that in the general case the predic- 
tion of the output y,(t) is also a function of all other outputs, 
y,, j f i. as well. The presence of more than a single output in 
the same equation places the restriction that these outputs 
must be evaluated at identical time scales. This is clearly not 
desirable for the case where the processes respond over dif- 
ferent time scales, nor is it generally possible for processes 
sampled at multiple rates because the projection term 
C, q J t ) y , ( t  - k )  may not exist for all j .  Therefore, for MIMO 
systems with multiple time scales and multisampling, Method 
2, which decouples the identification into p independent 
subproblems, where p is the number of outputs, provides a 
properly formulated problem. This method is sometimes re- 
ferred to as the transfer function output-by-output (TFOO) 
method. Thus, for a single output the model parameters may 
be estimated by projecting the set of modulating functions 
against the following set of linear equations: 

It should be noted that due to the nonminimal reaiization, 
the estimated parameters in Eq. 19 may not be independent. 
This dependence expresses itself in terms of common zeros 
and poles, which will cancel under conditions of perfect mod- 
eling. In the presence of disturbance, noise, and model re- 
duction, there will be near cancellation of these common ze- 
ros and poles. 

Conclusions and Future Directions 
In this article, the significance of the employed basis func- 

tions in process model identification was emphasized as the 
single most important source of effectiveness in modeling and 
possible problems in the ensuing controller design task, as 
well as how the properties of the basis functions influence 
the properties of the model. The need for process models, 
accurate over specific frequency regions and for certain time 
segments of data record, was similarly emphasized. Wavelets 
offer an excellent analytic framework for the construction of 
banks of band-pass filters, which can then be tuned to the 
needs of the control-relevant identification tasks, that is, se- 
lect the segments of time records to be used in identification, 
and select the range of frequencies that are of interest for 
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control purposes and weight appropriately the input-output 
information contained in these frequency ranges. The result 
is a system identification methodology that (1) can incorpo- 
rate directly the engineering specifications on the system 
identification subtask, and (2) is applicable for nonstationary 
systems, including time-varying and nonlinear systems. The  
wavelet’s logarithmic spanning of the time-frequency plane 
has been exploited t o  construct feedback control models for 
multirate systems as well. 

The  system identification techniques proposed in this arti- 
cle may be  readily extended and combined with standard 
techniques in the literature (Lee and Chikkula, 1995) to con- 
struct adaptive control systems, with the property that the 
adaptive model will be constructed in the frequency range of 
interest, and the ability to  discard data  that have been cor- 
rupted by disturbances. In this regard, it is conceivable that 
certain of the weaknesses of the standard adaptive con- 
trollers, related to  model adaptation based on corrupted in- 
formation, or information a t  irrelevant frequencies, can be  
avoided . 

Another area of potential future developments is related 
to the construction of true multiscale models for the descrip- 
tion of process dynamics. T h e  identification techniques pro- 
posed in this article have concentrated on the efficient de- 
composition of input-output data  in the time-frequency 
space, while maintaining the discrete-time models as the es- 
sential framework for describing process dynamics. I t  is con- 
ceivable that the arguments made for the wavelet decomposi- 
tion of the input-output signals in system identification could 
be  extended to  the decomposition of the model itself, thus 
leading to models that  are defined over the binary tree of 
time-frequency space. Such models would allow the explicit 
incorporation of physical insights (pertaining to  the multi- 
scale character of the physical processes themselves), as well 
as the optimal fusion of measurements a t  different scales for 
the estimation of these multiscale process models. Typical ex- 
ample of inquiries in this direction is the work of Steph- 
anopoulos e t  al. (1997). 

Notation 
E[  . ] =expected value 

u =manipulated input 
y =measured output 
S = Kronecker delta 
A =forgetting factor (Kalman filtering) 
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